It was recently shown that just five characters (functions on a finite set X) suffice to convexly define a trivalent tree with leaf set X. Here we show that four characters suffice which, since three characters are not enough in general, is the best possible.
. . , l} that cannot be convexly defined by three characters (see [10] for more details).
using four colors, which induces characters in the same way as the edge coloration using five colors in [10] . To establish that the induced characters can be used to completely reconstruct the tree, we consider a set of small subtrees (each with four leaves) that are generated by the edge-coloring, and show that these subtrees determine the tree. This then allows us to establish that the characters induced by the edge-coloring determine the underlying tree.
The structure of this paper is as follows. In section 2, we introduce some terminology for trees and describe a closure operation on subtrees. Next, in section 3, we describe an edge-coloring of trees that produces subtrees on which this closure operation is applied. In section 4, we establish our main technical tool (Theorem 4.1), and in section 5, we use this result to show that four characters suffice to completely reconstruct a tree (Theorem 5.2).
Quartet trees and semidyadic closure.
Throughout the paper, X denotes a nonempty finite set and n = |X|. A phylogenetic tree (on X) is a tree T that has X as its set of labeled leaves and interior vertices that are unlabeled and of degree at least three. If each interior vertex has degree exactly three, we say that T is trivalent. Two phylogenetic trees for X are isomorphic if the identity map on X induces a graph isomorphism on the underlying tree.
A (qualitative or discrete) character on X is a function χ from X into a set C of character states. Suppose that T is a phylogenetic tree on X, and let χ : X → C be a character on X. For each state α in χ(X), let T α denote the minimal subtree of T containing the leaves that are assigned state α by χ. We say that χ is convex on T if the subtrees in {T α α ∈ χ(X)} are pairwise disjoint (see Figure 2) . A collection of characters C on X is compatible if there is a phylogenetic tree T such that each character in C is convex on T . If, in addition, T is the only phylogenetic tree on X with this property, we say that C convexly defines T . The biological relevance of these concepts is explained further in [10] and [11] .
We call a trivalent phylogenetic tree on a 4-set a quartet tree. If T is a quartet tree on the set {i, j, k, l} and removal of the interior edge e of T results in the sets {i, j} and {k, l} labeling the different components of T \{e}, then we denote T by ij|kl. Now, given a phylogenetic tree T on X and a subset Y of X, let T |Y denote the minimal subtree of T that connects the leaves in Y , in which any resulting degree 2 vertices are suppressed. In particular, T |Y is a trivalent phylogenetic tree on Y and we say that T displays T |Y . Given a collection Q of quartet trees, we say that a a g For Q a set of quartet trees, let scl 2 (Q) be the semidyadic closure of Q, that is, the minimal set of quartet trees that contains Q and for which we have
The following lemma summarizes some straightforward properties of the semidyadic closure that are part of the folklore (see [2] , [5] , [6] , and [12] ).
Lemma 2.1. For any set Q of quartet trees and any subsets A, B ⊆ Q,
We recall one further useful property of the semidyadic closure that will be of use later. Suppose i, j is a cherry (a pair of leaves that are adjacent to a common vertex) of a trivalent phylogenetic T and select leaves u, v as shown in Figure 3 (a). Let T = T |(X − {j}) be the tree as shown in Figure 3 (b). Then T is the only phylogenetic tree that displays both T and ij|uv and so, by [3, Lemma 3] , we have the following result.
Lemma 2.2. For a trivalent phylogenetic tree T and quartet tree ij|uv as described,
For a set Q of quartet trees let co(Q) be the set of phylogenetic trees on X (up to isomorphism) that display Q. We close this section with a lemma that summarizes an easily established property of co(Q).
Lemma 2.3. If Q is a set of quartet trees and scl 2 (Q) = Q(T ) for some trivalent phylogenetic tree T , then co(Q) = {T }.
Quartet trees from handy edge-colorings.
An edge-coloring of a graph is an assignment of colors to the edges of the graph so that two adjacent edges are assigned different colors. We begin this section by giving a method for edge-coloring a trivalent phylogentic tree T on X with four colors R, R , L, L . This edge-coloring is similar to the edge-coloring in [10] based on five colors.
Choose any leaf r of T and regard T as a rooted directed tree with r as its root and all edges directed away from r. Color the edge containing r by R. Given any vertex v of T with degree 3 that is at the end of an even (respectively, odd) length edge path starting at r and ending at v, arbitrarily color the two edges coming out of v by L and R (respectively, L and R ). This gives an edge-coloring of T by the colors R, R , L, L , and we call any edge-coloring produced in this way a handy edge-coloring of T . Now, given a handy edge-coloring of T , we describe how to associate a quartet tree with leaves in X to each interior edge of T (see Figure 4) . Assume e = (u, v) is an interior edge of T colored by R (we will consider the cases where e is colored by L, R , or L below). The edge coming into u is colored by either (i) R or (ii) L . In case (i), we associate the quartet tree ab|cd to edge e as follows: a is the last vertex in the directed path that starts at v and has first edge colored R and all subsequent edges colored alternately by L and L ; b is the last vertex of the directed path that starts at v and has edges colored alternately by L and L; c is the last vertex of the directed path that starts at u and has edges colored alternately by L and L ; d is the last vertex of the undirected path that starts at u and has first edge colored R and all subsequent edges colored alternately by L and L. In case (ii), a, b, c are all obtained in the same way and d is the last vertex of the undirected path that starts at u, has first two edges colored L and R , respectively, and has all subsequent edges colored alternately by L and L .
In case the edge e = (u, v) is labeled by R , the quartet tree ab|cd is obtained in a similar way by following the four distinct paths whose first vertices are either u or v and whose last edges are alternately colored using only the colors L and L . In case the edge e = (u, v) is labeled by either L or L , a similar procedure is followed in which colors L and R and L and R are interchanged so that, in particular, the quartet tree ab|cd is obtained by following the four distinct paths whose first vertices are either u or v and whose last edges are alternately colored using only the colors R and R .
We denote the collection of n − 3 quartet trees obtained in this way by Q 0 (T ). Note that in all cases the paths obtained are colored always by at most three colors. Whenever we picture a phylogenetic tree with a handy edge-coloring, we always regard
Fig. 4. The figure depicts the two cases for associating a quartet tree ab|cd to an interior edge e of T , here in bold, that is labeled by R.
edges below a particular vertex to be colored with R or R when they are on the right or L or L when they are on the left.
Q 0 (T ) determines Q(T ) via semidyadic closure.
Suppose that T is a trivalent phylogenetic tree on X with a handy edge-coloring. In the next section we describe (at most) four characters that convexly define T and come from the handy edge-coloring of T . The proof that these four characters convexly define T is based on the following result.
Theorem 4.1. Suppose that T is a trivalent phylogenetic tree on X. Then
Proof. We use induction on n. It is easily checked that the result holds when n = 4, since in this case Q 0 (T ) = Q(T ) = {T }.
Suppose the theorem holds for any trivalent phylogenetic tree on X with strictly less than n ≥ 5 leaves. Suppose also that T is a trivalent phylogenetic tree on X with n leaves. Select a cherry i, j whose central vertex is at maximal edge distance from the reference leaf. If we now consider the handy edge-coloring of T , then there are four cases (plus their mirror images) for the local tree structure around the cherry i, j, as depicted in Figure 5 .
Note that in case (b) we could have instead selected the cherry k, l and this produces (the mirror image of) case (a) so we can "transform" case (b) into (a). It thus suffices to consider only cases (a), (c), and (d). For these cases, let T = T |(X − {j}). Note that the edge-coloring of T induces a valid handy edge-coloring of T , where the color assigned to the edge containing i is the same as that assigned to the edge in T adjacent to the cherry i, j.
First consider cases (a) and (c). It is straightforward to check using the definition of a handy edge-coloring that the only interior edge of T yielding a quartet tree in Q 0 (T ) that contains j is the interior edge that is adjacent to the cherry i, j. Moreover, every interior edge of T corresponds to an interior edge of T and each of these edges gives rise to the same quartet tree in Q 0 (T ) as it does in Q 0 (T ). From these observations it easily follows that
for some x ∈ X (and with x = l in case (a)). Now, by the induction hypothesis applied to T ,
and by Lemma 2.1 (iv) and Lemma 2.2,
Thus, by (1),
and so the induction step is established for cases (a) and (c).
Thus it suffices to consider now just case (d). The edge e coming into the cherry i, j induces the quartet tree ij|ku ∈ Q 0 (T ) and the edge e incident to e but not containing k induces the quartet tree jk|uv ∈ Q 0 (T ), for some pair of leaves u, v ∈ X (see Figure 6) .
Thus, But ik|uv ∈ scl 2 ({ij|ku, jk|uv}) and so
Now, it is straightforward to check using the definition of a handy edge-coloring that the only interior edges of T yielding quartet trees in Q 0 (T ) that contain j are the edges e and e . Moreover, every interior edge of T corresponds to an interior edge of T and each of these gives rise to the same quartet tree in Q 0 (T ) as it does in Q 0 (T ) except e , which gives rise to ik|uv in Q 0 (T ). From these observations it easily follows that
Combining (2), (3), and Lemma 2.1 (parts (i), (ii), and (iii)) we have
On the other hand, if we apply Lemma 2.2, the induction hypothesis for T , and Lemma 2.1 (iv), we obtain (respectively) the following three equalities:
Combining these equalities with (4) gives
However, this implies Q(T ) = scl 2 (Q 0 (T )) in view of Q 0 (T ) ⊆ Q(T ) and using Lemma 2.1 (parts (ii) and (v)). This establishes the induction step and thereby completes the proof of Theorem 4.1.
Handy edge-colorings convexly define trees.
We now relate characters and quartet trees. Given a character χ : X → C on X, we denote by π(χ) the partition {χ −1 (α) : α ∈ C} of X. Suppose that T is a phylogenetic tree on X and that C is a set of characters on X. We say that T displays C if each character in C is convex on T . Note that T displays C precisely if for each χ ∈ C there exists some set E of edges of T such that, for all distinct A, B ∈ π(χ), A and B are subsets of different connected components of T \E.
For any collection C of characters on X, let Q(C) = {ij|kl : there exists some χ ∈ C and some A, B ∈ π(χ) such that i, j ∈ A and k, l ∈ B}.
Lemma 5.1. Let C be a collection of characters on X, and suppose that T is a trivalent phylogenetic tree that displays C. If there exists some
Proof. Note that Lemma 2.1 (ii) gives scl 2 (Q 1 ) ⊆ scl 2 (Q(C)). Thus,
On the other hand, since each character in C is convex on T , we have Q(C) ⊆ Q(T ) and so
by Lemma 2.1 (parts (ii), (iii), and (v)). Combining (5) and (6) gives scl 2 (Q(C)) = Q(T ), and so, by Lemma 2.3 we have co(Q(C)) = {T }. But from [12, Proposition 2(1)], if co(Q(C)) = {T }, then C convexly defines T . This completes the proof.
We now specialize to a set of (at most four) characters that are induced by any handy edge-coloring of a trivalent phylogenetic tree T on X and show that these characters convexly define T .
Suppose that we are given a handy edge-coloring of T . To each color F ∈ {L, L , R, R } that is assigned to at least one edge of T , we associate a character on X in the following way. Denote by ∼ F the equivalence relation on X defined by x ∼ F y (x, y ∈ X) if the path in T from x to y does not contain an edge that is assigned color F . Let π F denote the partition of X that arises from the equivalence classes of ∼ F and let χ F denote the character on X for which π(χ F ) = π F . We denote by C(T ) the (at most) four characters induced by this edge-coloring.
The main result from [10] is that, for any trivalent phylogenetic tree T on X, there exists a set C of at most five characters on X, such that T is the only phylogenetic tree on X that displays C. The following theorem shows that, by taking C = C(T ), we can improve the result by replacing "five" with "four."
Theorem 5.2. Suppose that T is a trivalent phylogenetic tree on X. Then the (at most) four characters in C(T ) convexly define T .
Proof. First note that each character in C(T ) is convex on T . Note also that since Q 0 (T ) is the set of quartet trees corresponding to the handy edge-coloring of T , we have
Also, by Theorem 4.1, scl 2 (Q 0 (T )) = Q(T ). Thus, since T displays C(T ) we may apply Lemma 5.1 to deduce that C(T ) convexly defines T .
Note that the proof of this result shows how to construct T from C(T ) in polynomial time using the semidyadic closure operation. Alternatively, since |Q 0 (T )| = |X| − 3 the "split-closure" approach described by Semple and Steel [9] would also apply. It can also be shown that C(T ) "strongly" defines T in the sense of [10] .
